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In this article, we investigate the mean-square convergence of a novel symplectic local discontinuous
Galerkin method in LL2-norm for stochastic linear Schrodinger equation with multiplicative noise. It is
shown that the mean-square error is bounded, not only by the temporal and spatial step sizes, but also
by their ratio. The mean-square convergence rate with respect to the computational cost is derived under
appropriate assumptions for initial data and noise. Meanwhile, we show that the method preserves the
discrete charge conservation law, which implies an IL2-stability.
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1. Introduction

In this article we consider the stochastic linear Schrodinger equation with multiplicative noise
idu — (Au+ Q(x)u) dt = uodW, u(x,0) = uy(x), (1.1)

where t € [0,T], x € © C R? and Q € H*(O). We employ the periodic boundary condition, and the o
in the last term in (1.1) means that the product is of Stratonovich type, so that (1.1) is conservative and
the L?(O)-norm of the solution is a constant almost surely (charge conservation law) (see De Bouard &
Debussche, 2003), i.e.,

[ wtor ax= [ e ax
(@) (@)

The multiplicative noise has been introduced in the context of Scheibe aggregates (Bang et al., 1994;
Rasmussen et al., 1995) and in the context of inhomogeneous media (Bass et al., 1989; Elgin, 1993).
Here W on IL2(0) is a real-valued Wiener process with a filtered probability space (£2, F, P, {Fi}ictor)-
It has the expansion form W (¢, x, w) = Z;io Bi(t, w)pei(x), with (ey), e being an orthonormal basis of
L2(O), {Bi}ene being a sequence of independent Brownian motions and ¢ € £,(IL>(O); H” (O)) being a
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1042 C. CHEN ET AL.

Hilbert—Schmidt operator. The phase flow of equation (1.1) is stochastic symplectic (see Chen & Hong,
2016), i.e.,

w(t) = / d(r(0) A d(s(1)) dx = &(0),
O

with r and s being the real and imaginary parts of u, respectively.

We propose a symplectic local discontinuous Galerkin method to equation (1.1) in order to, on one
hand preserve the properties of the original problems as much as possible and, on another hand, com-
bine the attractive properties of local discontinuous Galerkin method (see, e.g., Cockburn & Shu, 1998,
2001; Cockburn et al., 2000). We refer interested readers to Xu & Shu (2005) and references therein
for the numerical simulation of the deterministic Schrodinger equation based on local discontinuous
Galerkin method, and to Antonopoulou & Plexousakis (2010) for the convergence analysis of discon-
tinuous Galerkin method applied to the deterministic linear Schrodinger equation with time-variable
domain. Because of the reason that equation (1.1) is meaningful in the sense of integral representation,
we apply the midpoint scheme to discretize the temporal direction at first avoiding dealing with double
temporal—spatial integrals, which is introduced by stochastic integral and local discontinuous Galerkin
discretization. It is shown that the midpoint semidiscretization not only is a symplectic method, but also
possesses the discrete charge conservation law. Furthermore, we show that the semidiscretization is of
order 1 in mean-square convergence sense via a direct approach, whereas Chen & Hong (2016) proved
the same result via a fundamental convergence theorem on the mean-square convergence for the temporal
semidiscretizations. The main difficulty lies in the analysis of the mean-square convergence order for
the spatial direction, where we use local discontinuous Galerkin method to discrete the semidiscretized
equation and obtain the fully discrete method, which is called symplectic local discontinuous Galerkin
method in this article. We solve it by means of the standard approximation theory of projection operator,
1t6 isometry and the adapted properties of processes u and W. As a result, we analyse the mean-square
convergence error for the symplectic local discontinuous Galerkin method and derive the mean-square
convergence rate with respect to the computational cost under appropriate hypothesis on initial data
and noise. Moreover, theoretical analysis shows that the obtained fully discrete method is IL?>-stable and
preserves the discrete charge conservation law.

The rest of this article is organized as follows. In Section 2, we propose the symplectic local discontin-
uous Galerkin method for stochastic Schrodinger equation and derive the discrete charge conservation law.
In Section 3, we study the mean-square convergence of the obtained method and present the mean-square
error estimation.

2. The symplectic local discontinuous Galerkin method

In this section, we will apply implicit midpoint scheme to (1.1) in the temporal direction, then we discretize
the spatial direction by local discontinuous Galerkin method and obtain the fully discrete method.

2.1  Temporal semidiscrete scheme

The midpoint scheme for (1.1) reads

it = i — A;(Au“% + Q(x)u"+%> S WY AW,, n=0,1,...,N, 2.1
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SYMPLECTIC LDG METHOD FOR SSE 1043

where At is the time step size, N = + Wy = Lt 4wy, and AW, = Y52 VAL per(x) with g,

t 9
being the truncation of a A/(0, 1)-distribution random variable & ,:
K if &, > «;

Ga=1&  ifl&al <k

—k  if&, <—k

with k := /4|In(At)|. This choice is motivated by the fact that standard Gaussian random variables
are unbounded for arbitrary values of At (for more details, see Milstein ez al., 2002). For the truncated
Wiener process, we have the following properties:

(i) E[AW, — AW, |3, < KAP,
(i)  El(AW,)* = (AW, < KAP,
(i)  E[(AW,)> — (AW,)’[%, < KAP, 2.2)

where the constant K depends on [|@]| -, 1.2 s1)- Based on the fact that W is real valued, by multiplying both

. . | e . 1 . S
sides of equation (2.1) by #"*2, which is the conjugate of 4"*2, and then taking the imaginary part and
integrating it over the whole space domain, we can get the discrete charge conservation law as follows.

ProprosITION 2.1 Under the periodic boundary conditions, the semidiscrete scheme (2.1) of the system
(1.1) has the discrete charge conservation law, i.e.,

/|un+l(x)|2dx=/ |u”(_x)|2 d_x’ n:O,l,...,N. (23)
o (@}

Furthermore, the semidiscrete scheme (2.1) preserves the stochastic symplectic structure (see Chen
& Hong, 2016).

PrROPOSITION 2.2 The implicit midpoint scheme (2.1) for the system (1.1) is stochastic symplectic.

2.2 Temporal-spatial fully discrete method

In this subsection, we consider the local discontinuous Galerkin method for the system (2.6) in the spatial
direction and obtain the fully discrete method. To this end, we introduce some spatial-gird notation for
the case d = 1, O = [L;, L,] for simplicity. We denote the mesh by I; = [xjf%,xﬁ%], forl <j </,

where Ly x%<x%< <xN+% L,. Let Ax; x_/+% x_/_%,l_]_anhh 1rrflja<)§A)c]belng

the maximum mesh size. Assume the mesh is regular, namely there is a constant ¢ > 0 independent of &
such that Ax; > ch, 1<j</J.

If we set u(x,t) = r(x,t) + is(x,t), where r, s are real-valued functions, we can separate (1.1) into
the following form

dr = (5o + Q(x)s) dt + s o dW,
ds = —(r.+QM)r)dt — rodWw. 2.4)
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1044 C. CHEN ET AL.
Introducing two additional new variables, p = s,, ¢ = r,, the equation (2.4) can be rewritten as

dr = (p, + Q(x)s) dt + s o dW,

p = SX’
ds = —(q. + Qx)r) dt —r odW,
q =T (2.5)

We apply the midpoint scheme in the temporal direction of (2.5) to obtain the following first-order
semidiscrete system

= ((poE 4 Qs ) A+ 57 AW,
P = (5",
s ="~ ((qx)’”% + Q(x)r"*%)m —PIAW,,
g = (r)", 2.6)
We consider the local discontinuous Galerkin method for the system (2.6) in the spatial direction and
obtain the fully discrete method: find 7y, pi, 51, g1 € VF, which now denote real piecewise polynomial of

degree at most k, such that for all test functions vy, w;, o, B, € V,’f ={v:ve P"(Ij); 1 <j < J} with
PX(1;) being the set of polynomials of degree up to k defined on the cell I;.

/r,’l'“vhdx /rhvhdx At[(p"*zvh) 1 —([3"*%1):)/.7%]
1

J

+ At/ ( 2 (o) — SZ+2Qth> fSZ+2thWn dx =0,
IJ

Ij

n+l n+ld
/p,:rza)hdx—i—/s;z(a)h))C [(S"*th) 1 —(s”*za) )i ]
’ "
/ sy, dx — /shah dx + At[(q”*Zah)j_ - (q"*Zah) ]

I/
n+~ n+» n+l ~
— At/ (qh+2 (o) — rh+2 Qh(xh) dx + f rh+2ochAWn dx =0,
I I
n+ + ~n ~n
[ mars 5o a= [0 450, - 6mian, ] o @7
I II
In the sequel, we denote by (uh);r+ , and (uh) , the values of u, at Xy ls from the right cell I, , and from

2
the left cell I;, respectively. Also the numerical fluxes are of the general form

i)n-%—% — (pn+2)+ n+2 _ (rn+2) n+2 _ (qn+2)+ n+2 _ (Sn+2)— (28)
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SYMPLECTIC LDG METHOD FOR SSE 1045

where we have omitted the half-integer indices j + % orj— % as all quantities in (2.8) are computed at
the same points.

REMARK 2.3 The choice for the fluxes (2.8) is not unique. The important point is that 7 and g, § and p
should be chosen from different directions.

With such a choice of fluxes (2.8), we can get the first main result about discrete charge conservation
law of the symplectic local discontinuous Galerkin method (2.7).

THEOREM 2.4 Under the periodic boundary conditions, the symplectic local discontinuous Galerkin
method (2.7) has the discrete charge conservation law, i.e.,

Ly Ly
/ P dx:/ ! dx, n=0,1,2,...,N. (2.9)

Ly Ly

Proof. To complete the proof of the discrete charge conservation law. First, we write (2.7) using the

n

notations uy = r; + isy, ¥, = q, + ip}, and take o, = vy, B = wy, then (2.7) becomes

. . Al Al
z/uﬁ“vh dx —i | wjv, dx — [(Y" 2y, el ~ (y"*2 v;r)j_%]At
1 "

J J
n+% n+% n+% ~
+ At | (Y, S —uy, “Onvp) dx — [ uy, T AW, dx =0,
Ij i
n+% n+% Aptdl o Aptd o 4

P en x| " ) dr - [(u L)y, — (@ o] )jf%] =0, (2.10)

J J
where

i=r, +isy, ¥ =q +ip}. @2.11)

We now take the complex conjugate for every terms in system (2.10)

- i/ i, dx + i/ ', dx — At[(l]f’H%l—)h_)H% - (1/}”%17,;*)]._%]
Ij Ij
—n+l _ _n+l - _n+l_ ~
+ At/ (wh S (Un)x — i, 2thh) dx — / i, AW, dx =0,

I Ij

—ntd nt = —_ = -
/ 1//‘h+25)h dx + / ﬁh+2 (@), dx — [(M'H—%wh )j+% _ (u’1+%a);)j7%i| =0. (2.12)
Ij I;

J

Downl oaded from https://academ c. oup. com i maj na/articl e-abstract/37/2/1041/ 2669981/ Mean- squar e- conver gence- of - a- synpl ecti c- 1 ocal
by Acadeny of Mathematics and System Sci ences, CAS user
on 16 Septenber 2017



1046 C. CHEN ET AL.

We introduce a short-hand notation

9, ' vn, @) :i[ utty, dx—t/uhvhdx At[% 2 oy, dx

T T

o el
4 / (v o=y o) [ a0 i,
i

nth Al .l
- At/ 0 @0 dx = A @) = G,
5

+ Az[(ﬁ”zwh) L — @), ] 2.13)
1 gl
o, ). If we take v, = i, "2 = Wy

Then from (2.12), we also have the expression of .6 (u,
in both functions $); (i}, ¥} vy, w,) and ;(ujy, ¥y's vi, wy), both functions are zero. Hence, we obtain

n n -"+2 +2 n, - l Tnts
ﬁj(”hs o Uy 1//h ) — ﬁj(uhsph, uh s I/Ih )=0 (2.14)
By the relation (2.11) for the numerical fluxes, (2.14) becomes
[ (' = ) d e+ / (w2 @ v i ). d
IJ
A
n+ + n+ - __n+=x
—Ar/ (02 e+ ) = ad @) G
/
” c
- rH— n+2 4= % + +
i i = @+ al o - ated)!
D G
- ,H,l +l
- At[(u,;w;)j_%z — @Gy %2] —0, (2.15)

H

—_ nt4 n+ s+ n+

where (, i, )le = (¥, > )j+%.
By Leibniz formula for derlvatives, we can derive
nt+d _n+l _ ntd ontd
A= At/(l/f e de= adwan! - wran! i
Jt3 =7
_n+l n+l - n+ bl
B = At/(% 2”;, 2)x dx = Atl:(uh v, )j+ - (uh!ﬁh )/ %Z:I
j
and then
A—B= 21At[1m(w,;u; Y2 Imyrti i) ?] (2.16)
2
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SYMPLECTIC LDG METHOD FOR SSE 1047

Using a — a = 2iIm(a), for a € C, we have

n nt}
C= ZiAtIm(df;rﬁ;)j: ., D= =2iAtlm(y;, u, )]:% ;

= i

n+s5

(2.17)

n+ L
G= ZiAtIm(wh*ﬁ,f)jjf, H = —2i Atlm(y;" ity )

[ST]

We combine all these equalities (2.15), (2.16) and (2.17) to obtain

D=

1
fnt5 An+
/(IMZHI2 —lmNdx+@ ¢ —@ =0,
Ij Itz

J=7

where the numerical entropy flux is given by

antd nt 1 Antd n
" = 2ai0m(y )" 2, & = —240m(yti)""
Jjt+ Jt3 -

-3 J

Bl—=

(S

Summing up over j, the flux terms vanish because of the periodic boundary conditions. Thus, we
finish the proof. 0

COROLLARY 2.5 The discrete charge conservation law trivially implies an L>-stability of the numerical
solution.

3. Error estimates for the fully discrete method

In this section, we will state the error estimate of the symplectic local discontinuous Galerkin method
for the problem (1.1) with d = 1. In the sequel, E denotes an expectation operator of a random variable,
and K, C are positive constants depending on coefficient Q, the finial time 7" and the initial data u, but
independent of 7 and Ar. They may change from line to line.

In order to obtain the error estimate to the symplectic local discontinuous Galerkin method (2.7) with
the fluxes (2.8), we divide the error into two parts:

ut,) — uj = u-,t,) —u" + ' — uj . G.1)
Temporal error Spatial error

3.1 Temporal error

To obtain the temporal error estimate, we need some regularity results of the numerical solution u"(x)
for (2.6). We state it in the following two lemmas.

LEMMA 3.1 Assume that Q € H” and E[|u’||, < oo, y = 0,1,--- and ¢ € L,(IL?; H”). We have the
following regularity of temporal semidiscretization, i.e., for p > 1, there exists a constant K = K (p) such
that

Elu"|?, <K, n=1,2,...,N. (3.2)

m =
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1048 C. CHEN ET AL.
Proof. First, we rewrite temporal semidiscretization system (2.6) into the function of u":
A 1 1 ~
= S — iAT QU™ 2 — iTau™ 2 AW, (3.3)

where u" denotes the complex function " + is", operators are defined by S = A4+ %8,“)" I—i %8,“)
and Ty, = I+ 5t BXX) !, where I is an identity operator.

In particular, TA isa bounded linear inverse operator from L% to L% Let {A; };ex C R and {e;}ren C L2
be the ei genvalues and eigenfunctions of the linear operator d,,.. The corresponding eigenvalues of I—H L 0e
are {1 +i5* Ak}keN Thus, the linear operator T, is well defined. Furthermore, it is easy to check that the
operator || TA, lz@2z2) < 1and SA, is isometry in L2, i.e., ||SA, | z@222) = 1. See De Bouard & Debussche
(2006), for example.

Next, we replace the function of " into equation (3.3) iteratively. We obtain

A

=8 thS” Ty Qui™2 =1y S Tau "2 AW, (3.4)

. . . 1 P P .
In order to bound function ", we insert the equality u‘~2 = 1(S4 4+ Du'" + 1 (u* — S,u'"") into the
stochastic term and take H” -norm to get

Il < Klu® |12 +KArZ =212,
=1

. on 2

1 A N ~

5 D S Tar(Sar + Du' ™' AW,

(=1

HY

+Kn S @ = Sau AW |17 (3.5)

(=1

For the third term on the right-hand side of (3.5), using the fact that u*~! is independent of increment
AW,_, and Burkholder-Davis—Gundy-type inequality (for instance, see Proposition 9 in Appendix A.1
of Jentzen & Kloeden (2011)) we have

2p

ZS” [TAt SA; ) U AW,

HY

4
<K(p)E |:AtZ||S “Tae(Sar+ D' 13 10122 2. Hy)]

=1
< K@)AEY 185 Tar(Sar + D 110122, 200,
=1
< KAtY Elu "I (3.6)
=1
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SYMPLECTIC LDG METHOD FOR SSE 1049

To estimate the last term on the right-hand side of (3.5), we note that
W — S YAW, | = — IATL,Qu ™2 AW, — %TA,(S‘N +Du" (AW,_))?
- %TA,((# — Saut AW, ) AW, . 3.7)
Taking L* (£2; H”)-norm to obtain

E| @ = Sau™ AW, ||” < KA (AR 2 |2, + KAPE|u )%,

HY

+ KAt YEI| ' = Spu ™) AW (12, (3.8)

where we use the embedding H' < IL*° for y = 0 or use ||fg|lzr < K||f|lar lgllur for y > 1. Note that

there exists a constant Ar* > 0 such that K (Atk?)? < % < 1 for At < Atr* (here K is the same as the

last term on the right-hand side of (3.8)), which leads to

1 A ~ 2 _
SE| = Sau AW [7, < Kar (JE||M||§§V L E|u ‘||§§y). (3.9)

=
Combining inequalities (3.5), (3.6) and (3.9) together, we have
Elu"ll% < K+ KAty Elu'|%,,
=0

where the positive constant K depends on p, T, operators S s and T, ||u°|l v » @, but does not depend on
At. The discrete Gronwall’s lemma leads to the assertion. O

LeEmMMA 3.2 Given y = 1,2,... and assume Q € H”, u® € L*(2;H”) and ¢ € L,(IL>;H"), then we
have holder continuity in temporal direction, i.e., for p > 1,

Ellu™" —u"I” | <KA#, n=1,2,....N.

Proof. The estimation is similar as the proof of the last term on the right-hand side of (3.5); see estimations
(3.7)-(3.9). Start from equation (3.3),

S . 1 . 1 o~
W —u" = (Sp — Du — AT, QU2 —iTAu" 2 AW,

Since ||3’A, = Ul g, EKAI% (see, for instance, De Bouard & Debussche, 2006), we take
L*($2; H~")-norm on both sides of the above equation and get

Bl =, < KAVENC 1%, + K APE (|2, + a1, )

y—1 my—1

+ KAzPIE||u"||;fV,1 + KAt B — o) (3.10)

w1’
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1050 C. CHEN ET AL.

there exists a constant Ar* > 0 such that K(Atk?)? < % < 1 for At < Ar* (here K is the same as the
last term on the right-hand side of (3.10)), which leads to

1
EEHu”*‘ —u"? . < KAPE|u"[l, < KAP
This completes the proof. O

Now we are in a position to establish an error estimate of the semidiscrete method (2.6) by virtue of
these two lemmas.

THEOREM 3.3 Assume that uy € L?(2;H?), Q € H?® and ¢ € £,(IL>;H?®), then it is of the mean-square
order 1, i.e.,

1/2
(Blue) —wi2) " < KA.

Proof. From (3.4) and (1.1), it follows

n+1 n+1

Wt = S —iAr Y ST QutE i S T AW, (3.11)
=1 =1
and

W(tnrr) = S )il — i f " St — DOu() dr — i / " St — D) 0 dW (@)
0 0

n+1 1 n+1 t
= Sty )i —12/1 S(tyr1 — 7)Qu(t) dt —iZ/é Sty — Du(r) o dW(r). (3.12)
o=1 Y1e—1 =1 Y11

Subtracting (3.11) from (3.12) leads to

utyer) — ' = (S(tn+1) - SZT‘)MO

n+l1
_ iz (

=1

n+1

1y N -
—iy (/ Sty — Tu(r) o dW(t) — SgtlfTA,ufiAW“>
=1 fe—1

=A+B+C.

ty .
/ S(tll+1 — 17)Qu(t) dr — AZ‘SZJ;IZTA[QL/;)

-1

We will estimate A, 3, and C separately.
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e The first term A.

From De Bouard & Debussche (2006), we know that ||S(¢,.1) — SZTI | 32y < KAt Thus,

E[AI% < KE[u'|2, AP < KAP.

e The second term 1.
To estimate 3, we insert one term

n+l

ty
iiZ/l; lS(thrl —nQu, | -1(7)dt
=1 71~

into the expression of B, and we have

n+1

B=—-i) / C S — r)Q(u(r) - u,efl,uefl(r)) dr
=1 Y1le—1

n+1

7 ) y
B Z/ (S = PQu, o1 (7) = 357 TuQu' ) de
=1 Y11
= B'+ B
By using the expression of u(t) —u,, | -1 (7), thatis,

w(t) —u,, | e-1() = S(T — tg_y) (u(t—) —u'™")

i / St — 11 — )Q(u(p) — 1, ,1(p)) dp
fg—1

i / St — 11— ) (o) — 4,1 (9)) 0 AW (p),
tp—1

we have

Ellu(t) — u,,_, o102 < KEllulte—) — u 1%,

+K / Ellu(p) — u,,_, o-1(p)II% dp.

fg—1

Therefore, Gronwall’s inequality leads to

Ellu(t) —u, -1 (02 < KElu(te) —u "2,

1051

(3.13)
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1052 C. CHEN ET AL.

thus for term B!,

n+1 1 5
EIB'I% < K+ D)) K| / Sltass = QD) = t,_, (D) de |
=1 -1

n+1

<K1Y [ E|st — 0~ 1) [ 00
e=1 -1

n+1
< KAL) Elulter) —u 7,
=1

We split term B further as follows

n+l

17} R
B = —iZ / (S(t,hq —r) — SZTI_ZTA,)QM,K_I,MZA(T) dr
=1 Yl-1

n+1

Iy
. Sntl— —1
-id :/ Sue [TA,Q(utlfl’uzq(r)—u( )dt
=1 Y1—1

n+l1

—iAt Z S’ZTI’ZTA,Q(I/'] — uz’l>
=1
=: B, + B, + B..

For term B2, based on [|S(z,) — SZ:"L(H3;L2) < KAt 1 = Tall ;@3.2) < KAt and Lemma 3.1, we have

n+1

Iy R
BIBIS <Ko+ DY B f (Sr =) = 85T ) O,y 1 (D)
=1 -1

2
L2

n+1

174 ~ =g 2
<kTY / EH (S(z,m e TA,)QM,M,H (r)Hder
=1 Y11

n+1 1 5
N Qntl—¢ 2 2
< KT e§:1j / ) st = = S50, ronn |OIE I, 1 (D)l de
2
< KAr.

To estimate term 3}, we insert the expression of u,, | ,«-1(r) —u‘~" into it, and we have

n+1

173 n )
B}% = —i Z/ SZTI_ZTA,Q |:(S('L' - tg,l) - I)I/tl_l
o=1 V-1

_i/ S(t —p) (Q - %) u, .-1(p)dp | dt
p—1
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n+1

tg N T
= / §1T 0 / S(x = Pty 1 (p) dW(p) .
=1 Yl—1 fg—1

The estimate of the first term is similar to before and it reads

n+1

ty n
-y / ST A0 [(S(r — 1) = Du'™!
e=1 Y1

—d/"ﬂr—p)<Q—-i)meweprp}dt
-1 2

n+1 1y T
<K Z / E

=1 Y1e-1

n+1

173 T
<k) / {nS(r—re_l)—1||i(Hz;Lz)E||u‘1||;12+Km / E||u,“,ue-1(p>||§zdp}dr
=1 Y1

fg—1

E

2

L2
. 2
1

2

) ul‘g_],uefl (p)d,O df

(St — 1) =Du'"" - i[ S(T—p) (Q -

fe—1 L2

< KA?,
where in the last step, we use Lemma 3.1 and [|S(t — #,_1) — I|| ;g212) < KAt (see De Bouard &
Debussche, 20006).

Concerning the second term, we employ Fubini’s theorem and It6 isometry and Lemma 3.1,

n+l1

e T 2
B~ / 1T, / S = P 1 () AW (o) de |
=1 Yt—1 fp—1

n+1

tp R 17 2
_E|-Y / §T,0 / S = o), i1 (0) dr aW o) |
=1 Y1 o
e . 7 2
<> [ e rae [ s - puora| e
=1 Yl—1 14 L
n+1 1 1
<Kkary / f Ellu,, -1 ()% dr dp
¢=1 Yle-1Yp
< KA.

The estimate of term /32 is similar to that of term 13} by replacing the expression of u‘ — u*~'. Combining
all the above inequalities, we obtain the desired estimate of B

n+l
EIBI?, < KAP? + KAt Y Elu(te—) — u'™"|2,.

=1

e The third term C.
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1054 C. CHEN ET AL.

To estimate C, we change Stratonovich integral into It6 one, noting that Fy = Y, .« (¢eé (x))z,
1 n+1 tg n+1 ty
C=—= Z/ Sty — Du(t)F,dt — IZ/ S(tyrr — Du(r) dW ()
2 e=1 Y1e-1 e=1 Yle-1
n+1

. S _ _1 =
+1§ SE T U T AW,
=1

We split it further

n+1

C= —iZ / ‘ Sty — t)(u(r) — Uy, |t (r)) dW(rt)
e=1 V-1

n+1

ty .
— 12/ (S(t,m —-17)— SEMTA,)M,HM_I (t)dW(7)
=1 Y11
n+1 1 ; n+l
. Qnt1-¢ -1 Qn+1-¢ V4 -1 T
— 1;'/%_1 S TA’(”tg,l,uffl(T) —u ) dw(r) + 5 ;:1 S TA:(M —u )AWLI

n+l1 n+l1

1 te N 3
— E E / S([,,.H — T)M(T)F¢ dr +1 E SZTI_ZTA[I//—% (AW[_I - AWZ_1>.
=1 Y1t—1 =1

By replacing the expressions of u,, , +-1(7) —u‘~" and u* — u*~" into the above equation, we have

n+1

Iy
C= —12/ S(tprt — r)(u(t) — Uy, e (r)) dW(t)
=1 Y1—1

n+1

17 n
-y / (St =) = 85T Yty i1 (0 AW (D)
=1 “Te-1

n+1

0o
—1i Z/ SUHET ((S(T —ty) — Du!
e=1 Y11

i / S(t — p) <Q - %) t, o1(p) dp) AW (z)
t—1

. on+l

1 ~ A ~
5 28 T (B — Dut ! = iAT L QutE) AW
2 =1

n+1

1 f
-5 / Sty = O (u(0) = ,_, 1 (0) ) Fy d
¢=1 Y11

n+1 v T
-y / gui-er,, / S(t — Pty i1 (0) AW (p) AW (7)
e=1 Y1

fg—1
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n+1

1 on+1— -1 T
+ E;SATI Tu T2 (AW, )

1 n+1 1
-3 Z/ Sty — ‘L')Mtz_l,ue—l (p)Fydt
e=1 vt-1
n+1
DI e (AVTQ_1 - AWH)
=1

=C'+C+C+C+0,

where ¢/ denotes terms in the jth lines forj = 1,...,5.
The estimates of C!, C* and C? are similar as before. Take C' as an example, via It6 isometry, we have

) n+1 1
EHCIHM = KZ/% ] [Ellu(r) — 1y, -1 (D3
=1 -

~ 2
+E H (S(t,,+1 - ngI*“TA,)u,eflquH ) HLZ ] dr

n+1

<KAZ + KAtZEHu(tg,l) —u)?

L2
=1

where in the last step we utilize (3.13), the estimate of operators S a8 and Ty, and Lemma 3.1. Similarly,
we may obtain

2 n+l1
]EHC2 +C HLZ < KAP + KAty Elute) —u ™|,
(=1

We estimate C* and C° together, since the estimate of them is much technique. First, for the first term
in C*, we have

n+1

ty n T
-3 / ST, / S(x = Pty i1 (p) AW (p) AW (7)
¢=1 Y11

fg—1

n+1

fg “ T
-y / Sy, / (S = ) = T Ju,_ i1 (0) AW (0) AW (D)
=1 Y11 fg—1
n+1

17} R T
- f S T, / T (1,1 () = ™) AW (p) dW (D)
=1 Y11 fe-1

n+1

N Iy T
—ngj‘*@Tj,uH/ f dW(p) dW (7).
tg—1 Y1

=1
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We claim that the last term in the above equality has the form

n+1 . 1 T
ngﬁ‘*“rj,u“* / / dW(p) dW ()
tp—1 YIg—1

=1
n+1
— l Z grl—ty2 =1 (AW, )2 — F. At
5 At At -1 ® .
=1
In fact,
n+l A 173 T
Yo St ut! / f dW (p) dW (1)
=1 fg—1 Y1g—1
n+1 . t .
= 3 ST g pe, / / 4By, () By (1)
k1.kpeN (=1 te—1 Y1g—1
n+1 . 1 T
= Z ngj‘*@Ti,u“*'qsek@ekz/ / dBy, (p) dBy, (T)
ky=kpeN €=1 fe—1 Ye—1
n+l . 1 z
+ Y ST pey e, / / dBy, (0) dBi, (¥)
ky<ky £=1 tg—1 Y11
n+l1 . t T
+ D0 DS T e e, / / dBi, (p) dBi, ()
ky>ky =1 fe—1 Jlg—1
=14+ 11+ IIL (3.14)
Because of

1y T ty
f f dB(p)dp(z) = / B(r)dB(z) — B(te-1)(AB)
fg—1 Y1p—1 tg—1

1 1 1
= 3 (B2t = Bt-n) = 341 = B (ap) = 5 (4p)” - A1),

with B(¢) being a standard Brownian motion and A8 = B(#,) — B(t,_), we have

n+l1

1= %k Z ZS‘ZTI—[Tjtu[—I(PekI(pekz ((Aﬂkl)Z _ At)

1=kpeN (=1
We change the index of k; and k; in the last term of (3.14) to obtain

n+1 . ty T
M= 3 3852w pe ey, / / 4By, () B, (7)
fg—1 g1

ky>k; =1
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and
n+1
M+II= )" > ST u ey, e,
ky<ky €=1
7 T t T
X [/ _/ dB, (p) B, (7) +/ / dBy, (p) dBy (f)]
fg—1 Yig—1 fe—1 Y1g—1
n+1
= Z ZSZTl_lTitul_l(pekl ¢ek2A,Bk1 Aﬁkz-
ky<ky €=1

Combining them together we may prove the claim.
After the rearrangement of C* 4 C°, we have

n+1

¢re =) / §ri-er, / (S = ) = T a1 (0) AW () AW )
11

n+l T
-3 / S50 T [ T () =) W aW )

g1

n+1

-5 ZS"“ T3 (AWemr)? = (AWe)’)

n+1
4= anﬂ sz uz-1)(AW£71)2
n+l1 n+l1
-2 Z/ Sttt = Dty 1 (P)Fy dT + = > St T U T Fy At
=1
n+1

+i Y S T (AVVH - AWH>
=D, + D, + D3+ D, + Ds,

where D; denotes terms in jth line for j = 1,...,5. The estimates of D, + D, come from It6 isometry
and Lemma 3.1, that is,

n+1

EID + Dl <K 3 f / IS = ) = T2l () dp d

s Iy T
+ K Z/ / +||ul(_1,u€*1 (p) — ut! ”iz dp dr
=1 Yle—1 Y11

< KAP.
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The estimate of the first term in D; is benefit from properties (2.2) of truncated Wiener process,

2

1 n+1 . .
E -3 ngfl—frjtuf-l(mwe,l)z — (AW,1)?)
=1 L2
n+1 n+l
SKEY Y a2 2 (AW 1) = (AW ) [l (AW, 1) = (AWgy—1)? [l
=1 4t=1
< KAP.

By inserting the expression of u* — u*~! into the second term in D5 and estimating as before, we could

get E|Ds|?, < K Ar*. The estimate of D; is similar to that of B and is bounded also by K Az*. For the
term Ds, we split it further to get

n+1

Ds=i) S5 Tpu'™! (Av“w,l - AWH)
=1

. n+l

i — . ~
+ E ;SAJ;I KTA!(”( —u 1)(AWZ—1 — AW[—I).

For the first term, we have

n+1
Elli Y085 T (AW s — AW )2,
(=1
n+l
<K Y E(lu" " I2)ENAW,_ — AW |2)) < KAP.

=1

The estimate of the second term follows from inserting the expression of u* —u*~! and estimating similarly,
finally, we have E||Ds |2, < KA?.
Combining all these analysis above, we obtain

n+1
Ellu(ty) — '™ 12, < KAP + KA lultey) — u'™ |2,

=1

Therefore, Gronwall’s lemma leads to the assertion. ]

3.2 Spatial error

We state the spatial error estimate of the symplectic local discontinuous Galerkin method (2.7) for the
stochastic linear Schrodinger equation (1.1).
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THEOREM 3.4 Assume uy € L*(§2; H**?) and ¢ € L£,(IL*; H**?). Let u} be the numerical solution of the
symplectic local discontinuous Galerkin method (2.7). Then there exists a constant s, > 0 such that for
h S hO’

Ellu" —uy|?, < CR*** + CAr '+, (3.15)

Proof. Notice that the method (2.7) is also satisfied when the numerical solutions ry, p;, s;,, g, are replaced
by the exact solutions r, p = s,, s, q = s,. For each fixed ¢,, we can obtain the cell error equation

B;(r" — 1y, p" = P s" — S 4" — 45 Vi, ©n, oy, Br)
aal
= /[r”Jrl — r]"“]vh dx — /[r” —rplv, dx + At/(p“% —pthz)(vh),C dx
Ij Ij Ij
il s 7 ntt g
— [ "2 =5, v AW, dx — At | (p"T2 —p, T, dx
5 1
1
- At/(s”% — 51 ) (wp)x dx
I
1 nt 4 1 nt i
- At/(s”+7 —s, 2)Opvy dx + At/(r"+7 —r, 2Oy dx
I I
ad
- At/(q”% — g, ) () dx+/[S”+' si oy dox — /[S” silay, dx
I- Ij

nt i ~ n+x
/(V"+2 — Vh+2)05hAWn dx — At[(qw% - qh+2),8h dx
I

/ n+ ”+%
— At | ("2 =1, T)(Bu)x dx

5 Anpdy— nt4 Antd 5 ant+ L —
= AP = PV A = I 4 AT =5 e
= M =l ]+ A = e, — Al - a”%)a;],._%
AR =Py — AR = PTB, (3.16)
for all vy, wy,, oy, B € V,f.
Summing over j, the error equation becomes
Z B;(r" =1, p" = P S" = 85 d" — @ v oy, Br) =0 (3.17)

for all vy, wy, ap, B € V.
Denoting

"=P =, " =Pq" —q;, " =P 5" =5, " =p, —Pp",
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1060 C. CHEN ET AL.

e = P—rn _ rn’ %.: — rpqn _ qn’ n: — P—sn _ sn’ é.: :pn _ Ppn’ (318)

e

where P is the standard LL?-projection of a function @ with k + 1 continuous derivatives into space V},
‘P~ is a special projector into V¥, which satisfies, for each j,

/(P’a)(x) —w@)vx)dx=0 Yv € Pk’l(Ij),
I.

J
and P~ (w (xj;] ) = w(x;, 1 ) and taking the test functions
2

1 1 1 1
__ ohts __ gnts _ ot _ #nty
Vp =€ 2, wh—é}- 2, ap =1 2, ﬂh_C 2,

we obtain the important energy equality

1

J
> B (6" — el o L — e L EE g, ) = 0, (3.19)
j=1

Now, we shall prove the theorem by analysing each terms of (3.19).
We consider the left-hand side of the energy equation (3.19). Using the linearity of 9B; with respect

to its first group of arguments, we get

1 1 1
;Bj(gn _ 8" é_en _ é.n’ nn _ n:,%-n _ :;8n+7’gn+§’ nn+§, §n+§)

e’

1 1 1 1
= B;(e", —¢", ", §" "2, ETY, "y, o)
n noon oen. ntd oentdl oapl gl
— By(el, L), & e T2 E T ), (3.20)

e

First, we consider the first term of the right-hand side in (3.20), which yields
B(e", =" 0 EN € EE e o)

= %/{ ((8n+1)2 -~ (8n)2> dx + %/ ((UHI)Z -~ (nn)Z) dx

Ij

+,n+l_ nth _ 7n+l_ ot
A @) - @ I Al ) - g
R G G R B O S CT S A

n+l iH—l
- At/[(né)x P4 (e0)x Tldx. (3.21)
i

R

Applying integration by parts, we arrive at
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n 1 n 1 n 1 n
R=[ore) 7 —ore) |+ (e - @)

j—

I
—

(3.22)
Substituting (3.22) into (3.21), we have
%j(8n7 _§n7 77"7 %‘”; SI/H—% > %"H—% > UH% > {’H—%)

_ ! n+1y2 2 1 ntIN2 _ cony2 snbh sty
_2/1j<(8+) _(8))M+ZL<(U+) (n))dx-i-At[@ 1 ], (3.23)

j+% J*%
where
dg"l% _ (én+%'+ﬂn+%’7)j,l + (§n+%,+8n+%,*)j7l’
i35 2 )
@j”:j _ (§n+%,+nn+%,—)j+% + (§n+%,+8n+%,—)j+%.

As for the second term of the right-hand side in (3.20), we have

B(el, —¢ " EN T E Y g o) = T T T+ IV 4V, (3.24)

where
I: /(EZ+1 _ {;‘Z)SVH—% dx+/(nz+1 _ n:)nn+% d)C,
5 i

I = Ar / (@&t = @ed™ — &t — @
I.

J

- (geg),l+% - (8e§x)n+% - Qh(neg)"+% + Qh(sen)n+%> dx,

'H'% 1 Avi "+% i oA
M= | e “n24AW,dx, IV=— | n “&""2AW, dx,
5 5

1 1

_ PN SN SN —£—\"2 — g
R [ A (A U R U 20

|

+3

=
Bl— )=

n+ n+

— @ - € i

Nl ol

) 4 ee)
e j+% e

NI o

a2

By using the simple inequality ab < % + b*, we have

1 1 1 1
L=< e — el 6™ iz, + I = iz 072 iz

1
< CAr el — €]l , + CArlle™2 ||§z(1j)

L2(I))
— n n n l
+ CA g™ = 0l %a, + CAtlln™*2 ”iza,-)- (3.25)
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A well-known result of the finite element theory is the following approximation property: for all functions
o € H*1(O) (see Theorem 3.1.6 in Ciarlet (1978))

oGz + ~lldE) e + Valld) I, < Cllolwh (3.26)

where ® = Pw — w or ® = P~w — w. The positive constant C is independent of A, and I}, is the
usual L?-norm on the cell interfaces of the mesh, which for this one-dimensional case is ||V||2rh =

Zle <(vj:r%)2 + (vjt%)Z).

Summing over j and taking expectation of (3.25), we get

-1 n+l1 n+
ZI < CAr'E|e"! — ¢ ||L2<[L Ly CAIE|le 2||L2([L/L])

Jj=1

+ CACE ;™ — ||L2(lL Ly T CALE "> ”]Lz([Lf L’

Recalling that &' — & = P=(r"™' — ") — (X" — ") and n" ™' — " = P~ ("t —5") — (s"T' — 5"), we
replace w in (3.26) with 7' —r" and s"*' —s", respectively, and use the estimate of E[| "+ —r"|1%, ., Lt

and E|s""' — 5|2 (see Lemma 3.2 with p = 1) and Lemma 3.1, we have

BT (L Ly ])

+1 +1 2
Elle;*! — 8"||L2([L Ly TEINET =12y, )

2k+2 1 2 1 2
< Ch*** (EHr’“r — rn”H/\'H([Lf,Lr]) + E|s" — Sn||Hk+1>

< CE|luo| B2 At

HK+2 (L, Ly ])

Thus for term I, we obtain

2k+2 n+
ZI < CIE””0||H/<+2([L T+ CAE|e ”]LZ([L L)
Jj=1

+ CAIE 0™ |2 (3.27)

L2([Lg Lr ]

From the property of the projections P and P, it follows that all the terms in II except the last two
terms are actually zero. We can get the estimates for II via Young’s inequality and Lemma 3.1,

J
D ) < CE(IF" 22 + 15" 200) At

J=1

+ _E||8n+7 || + E”nn+7 ”]Lz([L LrD

L2([Ly Lr])

2 2k 2 2 5
S CE||MO||Hk+2Ath * IE’”é‘"‘,» ”JLZ([L LD + E”nn+ ”]Lz([L LeD”
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For the third term III, we have

J L

1 r .
§ m ) = —]E/ e — e — " AW, dx
=1 4 Ly

1 Lr ~ 1 Lr ~
+ E]E (8Z+1 _ Sg)ﬂ'lAWn dx + EE/ gZ(nn+1 — AW, dx
Ly Ly

=: [* + OI° + II°.

For term II1%, using Young’s inequality, Lemmas 3.1 and 3.2 with p = 2, we have

1 -
1 1
I < B2 = a2 117 = 0"z, 2, 1A Wallieary o

n+1 n -1 n
< CA[]E”T] +1 _ n ||L2([L LD + CAt ]E(”AW ”]LOO([LJ Lr])”{;‘ + — & ”]Lz([Lj L, ]))
< CARIN™ = "2y, 1,9,
—1 2k+2 (2k+2 n+1
+ CAt (h + IE||AW,,||Loo(lLfLrD + PR — ¢ ||L2(lLfL J))
< CAt]E”nn+1 ”]LZ([L ) + CAZ‘E”;/’ ||]L2([L L) + CAth2k+2.

Similarly, for term III°,

1 ~
b 1
r < EE(”gZ+ - 82||L2([Lf,L,]>||77n||1L2([Lf,L,])||Awn||1L°°([Lf,L,])>

IA

n+1 17 12
CEllef*! = elaqy, 1, + CE(I" a1 1AW oy i,0)

< CAE|n"|? + CARP*?

L2([Ly LrD)

and for term II1°,

1 ~
1
0 < SE(lellzqr, 20 = 1"l 2l AWl 0,0

IA

n+1 -1 112
CAtE”r] e n ||]L2([L/L 1) + CAt ]E<||8 ”]L2([LfL ])”AWn”]LOO([Lf,Lr]))

< CArE||ly™"| + CArE||y"|I7 + Ch*+2,

L2([Ls Lr]) L2([Ls Lr))

where in the last inequalities for the estimate of III> and III¢, we use the independent property of Wiener
process. The estimate of term /V is similar as that of term /11, so we omit the process here.
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Finally, V only contains flux difference terms which all vanish upon a summation in j. Combining
these together, we know that

1 1

— n+12 ntly 2 - = "2 "II7

2]E<”8 YTl U] lle([L_ﬂ““) ZE(HS Voo 17 ”Lz([Lf’L’D)
- 12 |2
< CAENE" Ny, gy + CAENE" 152, o)

+ CAE|n™)? + CAE|n")? + Ch**2 4 C Ath®+2,

L2(ILy Ly]) L2([Lp.Lr])

By Gronwall’s inequality, there exists a constant &y > 0, for & < hj, we obtain
n)2 n)2 2%k+2 —172k+2
E(116" 1221, 1, + 17" 2, 1,) < CH*2 4 CAIT 42, v,
That is,
Ellu" — uj|2, < CH*** + CAr '+ (3.28)
The proof is finished. g

3.3  Main result

Combining Theorems 3.3 and 3.4, we obtain the error estimate of (2.7).

THEOREM 3.5 Let u(x, t) be the exact solution of the problem (1.1) and assume the initial value u,(x) €
L*(2;H*?) and ¢ € Lo(L*;H?) (k > 1) . Let u} be the numerical solution of the symplectic local
discontinuous Galerkin method (2.7). Then there exists a constant iy > 0 such that for 2 < hy holds

Ellu(t,) — ujll?, < CAP + Ch**? 4+ CAr ' w2, (3.29)

The overall convergence rate is usually expressed in terms of the computational cost of the scheme
(Jentzen & Kloeden, 2011). Here the computational cost of method (2.7) is denoted by M = N - J, with
N and J being the total grid number in temporal and spacial directions, respectively. In view of the above

U2 3 22
error bound, it is optimal to choose N = M35 and J = M%55 e, At = O (x)=0 ((%) 2"”) and

3
h = 0(%) =0 <(1\l4) 2&+5 ) and we have the optimal error bound

1 2k+2
5 1\ 2k+5
n2 2
(Bllut) —w)%,)" = € (M) .

REMARK 3.6 If k = 1, i.e., the initial data uy € L*(£2;H?) and ¢ € L,(IL?; ), then the mean-square
convergence rate of the method (2.7) with respect to the computational cost is ‘7‘.

REMARK 3.7 In Section 3, the mean-square convergence was derived for the symplectic local discontin-
uous Galerkin method (2.7) discretized equation (1.1). Note that (1.1) is the linear Schrodinger equation.
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As for nonlinear equation, truncation strategy may be needed to deal with the nonlinear term, as in De
Bouard & Debussche (2004, 2006) and Liu (2013). However, things are a bit technical for the error
estimation of the symplectic local discontinuous Galerkin method, since if we employ truncated strategy
then it has to start by taking H” -norm (y > %) on the error equation; see Remark 3.2 in Liu (2013). It
looks like other technical strategy is needed to derive the mean-square convergence for symplectic local
discontinuous Galerkin method applied to nonlinear case, and it will be our future work.
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